A dependence of low energy physics on initial conditions in the framework of multidimensional gravity is discussed. It is shown that the observable symmetries could be a result of specific topologies originated from space-time foam. Arguments in favor of hyperbolicity of extra space are presented. Geometrical component of the dark matter is discussed.
Introduction
Progress made in the fundamental physics, like the Higgs boson discovery, the idea of the inflationary period and so on shows the correctness of physics development. Nevertheless a large number of theories and approaches indicates that there is problem in description of observational and experimental data based on a unified approach.
The idea of compact extra dimensions allows one to effectively explain a considerable number of phenomena and points the direction of further development in the theory despite the absence of its direct experimental confirmations. It allows to clarify some fundamental questions, such as the problems of modern cosmology and the Standard Model which are discussed in terms of extra-dimensional gravity [1] [2] [3] [4] [5] [6] [7] . As was shown in [8] , numerical values of the fundamental parameters depend on geometry of extra dimensions. Hereinafter we consider compact D-dimensional extra spaces in the spirit of the Universal Extra Dimensions. The size of extra dimensions varies in the wide range from the Planck scale up to 10 −18 cm, the upper limit known from the particle physics.
In the framework of multidimensional approach the existence of gauge symmetries is the result of an extra space isometries [9] [10] [11] . It is not a final answer. The remaining problem sounds as "why extra space possesses symmetries"? There is no reason to assume that the geometry or/and topology of extra space is simple if one takes into account the quantum origin of space itself due to fluctuations in the space-time foam. Moreover it seems obvious that a measure M of all symmetrical spaces equals zero so that the probability of their origination P = 0. Hence some period of extra space symmetrization have to exist [8, [12] [13] [14] [15] [16] . In the paper [16] the entropic mechanism of space symmetrization after its formation is developed. It was shown that the stabilization of the extra space and its symmetrization occur simultaneously. This process is accompanied by a decrease in the entropy of the extra space and an increase in the entropy of the main one.
Nevertheless one puzzle remains unsolved. Indeed, if the entropy reasons are responsible for an extra space symmetrization then all observed symmetries must relate to maximally symmetrical extra spaces [16] , see also [17] . This contradicts the observations. How could U(1) symmetry, necessary ingredient of the Standard Model, be formed in this approach? Its appearance would be natural for one-dimensional extra space, but the latter can not be stabilized in a natural way. This paper is devoted to the description of partial symmetrization of an extra space. It was shown why a 2-dim extra space terminates its symmetrization and remains stable having one Killing vector but not three. Briefly, a final symmetry depends on initial conditions.
Extraction of extra space
Starting from this Section it is implied that a characteristic scale of extra space is small and its geometry has been stabilized shortly after the Universe creation. The stabilization problem is discussed in [16, 18] .
As a common basis, consider a Riemannian manifold
with metric
Here M, M ′ are the manifolds with metrics g mn (x) and G ab (t, y) respectively, T denotes the timelike direction. The coordinates of the subspace M are denoted as x; y is the same for M ′ . We will refer to 4-dim space M and n-dim compact space M ′ as a main space and an extra space respectively. A time behavior of the metric tensor G ab (t, y) is governed by the classical equations of motion and could vary under a variation of initial conditions. Simultaneously an energy dissipation into the main space M leads to an entropy decrease of the manifold M ′ and some friction term has to appear in the classical equations for the extra metric G ab (t, y) [16] . This term stabilizes the extra metric depending on the initial conditions. During the process
the entropy of the extra space tends to its minimum. In the following we will suppose that the extra space metric does not depend on tme. According to (2) the Ricci scalar represents the simple sum of the Ricci scalar of the main space and the Ricci scalar of the extra space
In the following natural inequality
is supposed. Consider a gravity with higher order derivatives and the action in the form (see, for example, [19, 20] ),
with arbitrary parameters a k . Using inequality (5) the Taylor expansion of f (R) in Eq.6 gives
where D = n + 4. The Planck mass is expressed as
and depends on specific asymptotically stationary geometry G ab (y). According to effective action (7) cosmological Λ term has the form
Parametres a k can be fine tuned to make the Λ term small. In the following we will concentrate on the Planck mass formation. The Planck mass value (8) also depends on initial geometry. This point will be discussed in Section 3.2. Stationary configuration G ab (y) is determined by static classical equations, see (7) δS
where
, or more explicitly
If the extra space is 2-dimensional, only one equation in system (11) remains independent what strongly facilitates the analysis.
3 Stationary metrics of extra space
Appearance of U (1) symmetry
A universe formation starts from a quantum creation of some manifold whose following evolution is ruled by classical equations and the entropy growth. If this manifold is the Decart product and a characteristic size of one of manifolds is much greater than another one some fruitful effect takes place.
As was shown in [16] , an entropy flow from the smaller manifold to the bigger one leads to the entropy decrease in the smaller manifold and its symmetrization. The process (3) is accompanied by an entropy decrease and symmetrization of extra space. The question discussed below is: why this extra space is finally not maximally symmetrical?
Up to now we have not involved topological arguments which are crucial for the following consideration. Indeed it seems physically evident that any classical evolution of a manifold can not change its topology. If some space is a manifold of genius k from the beginning, it remains to be the manifold of genius k in any time. Hence a final geometry is described by a stationary metric with maximal number of the Killing vectors allowable for a specific genius of the manifold. As an example consider 2-dim compact extra space with an arbitrary geometry. If a number of handles k = 1 then maximal number of the Killing vectors equals one. Such a space represents an ordinary torus with the U(1) symmetry group acting on it.
A stationary extra space of genius 1 (e.g. torus) contains areas both with positive and negative curvature. This imposes certain conditions on the theory. Let the function f in (6) be a forth order polynomial in the Ricci scalar R written in the form
Function f has two minima provided parameter U 3 is not very big. Final curvature depends on an initial conditions. It can be equal to the constant values
. In this Section we consider the third kink-like solution interpolates between R + and R − . Is is known that the torus metric has areas both with positive and negative Ricci scalar. It means that one minimum of the function f has to be negative while another one is positive. Let R + > 0 and R − < 0 which takes place if
Suppose that a kink-like stationary metric G ab (θ, φ) depends on two coordinates θ, φ and ensures the Ricci scalar equals to R + at a point with coordinates (θ + , φ) and R − at coordinates (θ − , φ). The Ricci scalar varies along the line connecting the coordinates (θ + , φ) and (θ − , φ). An analysis of stability of such configuration is simplified if we attract topological arguments. If we choose initial metric describing a surface with one handle smooth deformations governed by classical equations will never transform it to the metrics R = R + or R − with zero number of handles and hence should be stable.
Let us choose the initial metric in the form
If a = const, a > b = const the extra metric is describes an ordinary torusa surface of genius 1.
It is exactly what we need to expect that this metric can be stable and never evolve to maximally symmetric one provided that a(θ, φ) > b(θ, φ). Due to the entropy argument its maximal symmetry at final state is describing by U(1) group with the metric
Approximate soliton like solution to (11) c an be found by direct minimization of action (10) on a limited class of metrics. More definitely, suppose
Then the action is some function of two parameters a, b and has the form
in m D units. A function to be minimized is obtained by substitution of the Ricci scalar
and function (12) into action (16) . The minimization procedure was performed for parameter values 
The Planck mass (8) equals M P = 0.9m
Thus a surface of genius 1 is able to evolve to the usual stationary torus with metrics (14) provided that function (12) is quite complicated. The presence of the Killing vector produces U(1) gauge symmetry of low-energy theory in our 4-dim space-time.
As the preliminary conclusion, it is shown that the observable symmetries arise at early stage if necessary conditions take place. Firstly, Lagrangian (6) should have several minima, secondly, initial topology of an extra space arisen from the space-time foam should not be very simple. At last, the entropy outflow from the extra space to the main space should be supplied.
As was mentioned above there could exist another solutions of nonlinear system (11) which lead to another physics. They are discussed below.
Maximally symmetric extra space
If a solution is maximally symmetric metric, R = const, Eqs.11 acquires the simple form
and can be solved analytically or numerically. Using the connection between the Ricci scalar and the Ricci tensor
valid for the case R = const one can reduce system (20) to the equation
In our case the dimensionality of extra space n = 2 and this equation is the only linear independent equation in the system (20) . Let us consider the solution to (21) with the Ricci scalar R = R − < 0. There is no rigid connection between the Ricci scalar and a characteristic size L of a compact hyperbolic space. This was the subject of intensive discussion in a literature, see e.g. [21] The volume of a smooth compact hyperbolic space is
and n ef f is an effective dimensionality of extra space. The curvature radius of hyperbolic compact space r h = 2/R − depends on the parameters of function f while the characteristic size L is also affected by initial conditions. It varies in a broad range bounded from below. The Planck mass (8) depends on the Ricci scalar R − and on the size L of extra space also so that
Stable solution R − to equation (21) is realized under some set {G in } of initial metrics. The set {G in } is a sum of subsets {G L },
Each subset {G L } of initial metrics leads to the stationary metric G ab with the specific Ricci scalar R − and definite size of extra space L. As the result each subset {G L } of initial metrics leads to a universe with the specific Planck mass (24) . Suppose that the Lagrangian parameters are chosen so that r h ∼ 1/m D and n ef f ∼ 2. Then expression (24) gives
The only restriction to the extra space size is, see [21] L
One may conclude that for any value of m D there exists an initial set of metrics {G L } so that the Planck mass (26) acquires the observable value. The properties of a maximally symmetric space with positive curvature are much simpler. A curvature is tightly connected to its volume and its knowledge leads to the rigid connection between m D and M P l
We can conclude that a probability to find our extra space having negative constant curvature is close to unity contrary to a case with positive curvature.
Limits to a size of compact extra space
Let we have action (6) acting in a (D − 4)-dim compact extra space. Its size must be greater than 1/m D to avoid quantum fluctuations of a metric. This statement represents common point of view based on an analogy with the Einstein gravity. In this Section it will be shown that the situation is more complicated and promising, see also [22] .
with a metric G AB and action 
The probability of the metric fluctuation due to quantum effects is of order unity if
If a fluctuation of the Ricci scalar δR in a region U is comparable to average valueR of the Ricci scalar,
then the classical description is not allowable. Using expressions (30), (31) one obtains a lower limit l min to a size of the region U to which a classical description is applicable
If a size L of the D − 4-dim extra space satisfies the condition
then this extra space lies in the quantum region and hence belongs to spacetime foam. Let us apply expression (34) to a compact D − 4-dim extra space of constant positive curvature,R = const > 0. In this case the connection between the Ricci scalar and the size of extra space is known
and expressions (33), (34) give the lower limit for classical description in the form
in full agreement with our expectations. An extra space size must be much larger than the inverse D-dim Planck mass for the classical description of the extra space. The upper limit to the Ricci scalar depends on the dimensionality of extra spacē
and for the curvature radius
Geometry of compact hyperbolic spaces is more complicated. Instead of relation (35) we have, see [21] 
where r c is the curvature radius of the compact hyperbolic space and
Together with expressions (30), (31) these estimations give
Finally the condition of classical description of a compact hyperbolic space may be written in the following form r c > ξm
This condition is less restricted than that in (36) and ( (42) is fulfilled. The unexpected feature is that the smaller the curvature radius the better condition (42) is satisfied and a hyperbolic compact space with the same size L becomes "more classical".
Last section is devoted to brief discussion on inhomogeneities in the main space produced by a space variation of extra space geometries.
Inhomogeneous states
It is known that the effects of extra space geometry contribute to the dark matter [23, 24] . In this Section we shortly discuss the subject. As was discussed above properties of extra space depends on initial conditions. Maximally symmetric extra space with both positive and negative curvature can be formed in the model with action (6), (12) . At the same time the states with the extra metric depending on points of the main space are not excluded. This case worth discussing.
Consider some region U + ⊂ M 4 with a size l + . Each point of this region is equipped by 2-dim extra space V + with the Ricci scalar R = R + = const. The rest of 4-dim space V 4 \ U + is equipped by 2-dim extra space V torus with metric (14) where b(θ) = b = const. This configuration is stable due to difference in the topologies of extra spaces U + and V 4 \ U + .
The energy density of the main space V 4 \ U + may be expressed in the following way
where formulas (9), (17) has been used. In a similar manner the energy density of the region U + has the form
and the mass of this region may be estimated as
for a distant observer.
Physical laws within such areas differ from ordinary ones. Could they be found somehow, except due to gravitational effects? It would be interesting to investigate what happens to an object, such as a star flying into the region U + .
It is natural to assume that the minimum size of such a region is of the order of the extra space size, i.e. smaller than 10 −18 cm. Such a particlelike object interacts only gravitationally with ordinary particles and can be considered as a candidate for dark matter.
Discussion
It is known that the low energy symmetries arise naturally in the framework of extra space approach. In this case each symmetry of extra space corresponds to specific observable symmetry. Unfortunately symmetric extra spaces are hardly produced from space-time foam. In the paper [23] the symmetries formation mechanism related to the entropy flow from the extra space to the main one was elaborated. Due to the entropy decrease in the compact subspace, its metric undergoes the process of symmetrization during some time after its quantum nucleation. Symmetry restoration relaxation time depends on many issues and could overcome the inflationary period. A question that remains is why the extra space entropy is not decreased until a widest symmetry is restored? How could one explain the existence of observable symmetries like SU(2) and U(1) in this framework? In this paper the way to solve the problem was discussed.
General picture is as follows. Firstly, some Riemann manifold is formed from the space-time foam. Secondly, a stage of classical evolution takes place and its result depends on both initial metric and a proposed Lagrangian. The third epoch consists of the metric stabilization due to the entropy outflow into the main space. It is shown that if the initial metric describes a space of genius 1, final metric possesses U(1) symmetry.
Another initial conditions lead to another final states like maximally symmetric compact extra spaces. There is essential difference between positive curvature spaces and negative ones. Indeed if a set {G + } of initial metrics leads to one and the same final metric with positive curvature, the Planck mass is fixed by expression (8) with specific physical parameters which had been postulated ab initio. One should fit these parameters very accurately to obtain the observable Planck mass. The situation with the negative constant curvature of compact extra space is much more promising. Consider a set {G − } of initial metrics which lead to one and the same final metric with negative curvature. In this case the Planck mass is expressed as (24) . It is not fixed yet by physical parameters and depends on specific value of the extra space size. The latter depends on initial conditions which may be adjusted to produce the observable Planck mass. Consequently a probability to form a negative curvature compact space with the observable Planck mass is much greater.
The separate problem is a size of extra space. Common point of view is that its curvature radius must be greater than m −1 D . As was shown above this restriction is much weaker in case of the compact hyperbolic extra spaces.
